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INTRODUCTION 

Sctawic signal «odels 

One difficulty encountered in beaming a short-period 

worldwide or ccntinental-sized seismic array is that the 

signal coherency falls off markedly with distance* 

(liartenberger, 1967; Klappenberger, 1967; Capon et al, 

1967). 

A possible model of the seismogram recorded at the 

Jth instrument an array under excitation of a signal plus 

uncorrelated additive noise is 

Yj(t) - S(t)*hj(t) * njTt) (1) 

where the • indicates convolution. 

The Fourier transform at   (1) yields 

YjCf) » SCOiyf) * Njd") (2) 

The H,(f) may be thought of as a source-receiver travel-path 

transfer function for *he jth receiver. 

'Amplitude anomalies may run as high as eight-to-one for 

LASA (Klappenborger, 1967; Mack, 1969), whereas time 

anomalies may run as high as 1.5 sec  at LASA (Chiburis, 

1966). 

1- 



The probability density of the random transfer functions 

under the hypothesis of zero additive noise  

If we make the assumption of large signai-lo-addilive 

noise ratio, equation (2) becomes 

YjCf) = lijCf) S(f) (3) 

If we   further  assume   that   H   (f)   may  be   written   as   a 

product   of  a   large  number  of  small   disturbances,   then 

M 
Y-jCf)  = ^H    I  Amj(f)   |   exp  [i*mj(f)J S(f) (4) 

where m is the index of each small disturbance and M is the 

total number of disturbances. Taking the logarithm of both 

sides of equation (4), gives 

log YjCf) = log|S(f)| + £ loglVitnl 
m=l      J 

h^i Kj(f)±27r%^]j 
(5) 

+ i 

where Mm.(f) is an integer which reflects the uncertainty in 

the correct Riemann sheet at each frequency. We see that the 

logarithm of the complex Fourier spectrum has converted our 

multiplicative variables into a new set of additive variables. 

If Am. (f) and the *m;j (f) can be described by a probability 

density function, then we may invoke the weak law of large 

numbers and state that our new random variable log  Y.(f) 

■ ...■ii.tr.-^Us.-.iiiiL.-i'i 



is asymptotically normally distributed over the ensemble 

with the expected value of the real part equal t« 

log|SCf)| * log|u(f)| 

where M(f) is the geometric mean of the random transfer 

functions. The expected value of the imaginary part of log 

Y.(f) is equal to 

*s (f) ♦ MO 

where ^(f) is the phase of the irean of the random transfer 

functions. The maximum likelihood estimate of log|y(f)| is 

given by 

iSg|7(f)T«jT t   L loßiAmi(f) 
j=l m=l    ^ 

(6a) 

The maximum likelihood estimate of $   (f) is given by 

N   M 

^^j?! m?i  [^^+%^] (6b) 

The probability density function which describes the 

complex random variable y. is a log-normal density function 

(AJtci;inson and Brown, 1963). Note that if the signal 

3- 
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spectrum is white, then the estimates at different values 

of frequency are normally distributed and we have a 

stationary bivariate log-normal variable. If the signal 

spectrum is non-white we have a non-frequency-stationary 

bivariate log-normal variable. 

The theory of logarithmic deconvolution has been 

developed by Oppenheim (1966) and Schäfer (1967, 1969) as 

a specific case of Oppenheim's generalized linear filtering 

theory. For random transfer functions, the real difficulty 

with this method is the choice of the proper Riemann number 

N^f) where N. (f) = £ M (f)  for each recording site. If the 
ni= 1 

phase changes rapidly with frequency, i.e., $({)   has a large 

variance, we may find ourselves faced with an almost uniform 

distribution (over the ensemble of stations) for our estimate 

of the ensemble average of 4,(f) due to the discontinuous 

Riemann transformation. This problem is illustrated in Figure 

1 for a zero mean distribution. Our solution is to set the 

phase equal to zero zero at zero frequency for each recording 

site and then unwind the phase. Schäfer (1969) has discussed 

techniques for unwinding the phase. 

There is experimental evidence that the A.(f) are log- 

normally distributed. Klappenberger (1967) has shown that 

earthquakes have log-normally distributed peak-to-peak ampli- 

tudes at LASA and Freedman (1967) has shown the same distri- 

bution for earthquakes at worldwide recording sites. Figure 2 

is the histogram of Klappenberger's data. Figure 3 is 

Klappenberger's best straight line fit to his data plotted 

on log-normal probability paper. If the data are log-normal, 

the cumulative frequency distribution should approximate a 



straight line. The hypothesis that the data are log-normal 

cannot be rejected at the 95% confidence level. 

Further indication of the log-normality of the station 

spectra may be obtained by passing a synthetic signal 

through ensembles of plane parallel-layered media with 

random reflection coefficients. 

Figure 4 illustrates the problem of a seismic wave 

impinging upon a set of plain, parallel layered media. A 

subroutine given by Claerbout. (1968) was programmed to 

yield the transmission seismogram of an arbitrary wavelet 

impinging upon the bottom layer. Figure 5 is the analog 

computer simulation of the transmission and reflection 

problem. Electrical engineers might recognize the circuit 

as a "ladder network" or as a parametric amplifier. 

The optimum processor 

Under the assumption of white, uncorrelated, zero-mean, 

equal variance, log-transfer functions and zero additive noise 

it can be demonstrated from maximization of the log-1 ike 1ihood 

function that the likelihood estimator for the logarithm of 

the signal in the frequency domain is just the arithmetic 

average of the individual station log-spectra. 

log S(f) = i £ log Y.(f) (7) 
j = l 

or   S(f) = exp [log S(f)l (8) 

•5- 
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so that sen = 
N 

II YjCf) 

l/r 
(9) 

Equation (9) is just the geometric mean of our individual 

station amplitude spectn. Figure 6 is a block diagram of 

the processor for this case. Figure 7 is a modification of 

the processor to filter out undesirable time components. 
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boa* summing. Trace 

/ N /N   v 
al is the weighted beam sum ( Z- Wj X^ (t)/2Z w^ )   J where 

\i=l       /i=i 1/ 
M. ■ I/o. and where a. is the sample standard deviation. 

Trace a2 is the log amplitude of the weighted beam sum 

versus frequency. Trace a3 is the phase of the weighted 

beam sum versus frequency. Trace bl   is the geometric mean; 

trace b2 is the averaged log-amplitudes versus frequency; 

and trace b3 is the average phases. Trace b4 is the complex 

ccpstrum (Schafer, 13&9). Trace b4 appears to be anti- 

symmetric about the midpoint because the phase (trace b3) 

is much larger than the log amplitude (trace b4). The unwound 

phase is the imaginary part of the log-spectra and is anti- 

symmetric about its midpoint (10 Hz), and the log amplitude 

is the real part of the log spectra and is symmetric about 

its aitttpoint (10 Hz). Since the numbers for the unwound 

phase are much larger than the numbers for the log-amplitude, 

the complex cepstrum appears to be antisymmetric. 

The traces under c have been processed by tapering in 

the pseudo-time domain. Trace c2 is the smoothed averaged 

log-amplitudes, and trace c3 is the average unwound phase. 

Trace c4 ks   the first half of the tapered complex cepstrum. 

It would appear that the generalized filters have done a 

hotter job of estimating the signal than has the weighted 

beamed sum. The log amplitudes of the geometric beams and 

the phases of the geometric beams also show less variance 

than do the iog-amplitude and phase of the weighted beam 

sum. Notice, howevefy the small precursor introduced by the 

generalised fillters. 

-8- 



Observed data 

Three events were processed on a continental sized array 

of LRSM (Long-Range-Seismic-Measurement) stations distributed 

throughout the continental United States and Canada. Two 

events (LONG SHOT and MILROW) were underground nuclear explo- 

sions which were detonated on Amchitka Island in the Aleutian 

Island Arc, The other event was an Andreanoff  earthquake 

(22 November 1965) in the same island arc. Figure 28 is a 

map of the three events and the recording stations. Table I 

gives the seismic parameters of interest for the three events. 

Table II gives the locations of the recording stations used 

in this study. The processing results for LONG SHOT are 

given in Figure 29 through Figure 37. The formats are the 

same as for Figures 18 through 27. Figures 29 through 37 are 

for stations KN-UT, LC-NM, SV3QB, HL2ID, RK-ON, SJ-TX, TF-CL, 

KC-MO, and YR-CL, respectively. Notice the large variations 

in signal waveform from station-to-station in all traces. 

In Figure 39, note the small precursor introduced by the 

processor since we did not demand minimum phase as one of 

the attributes of our processor. The main signal of our 

processor (trace 39bl) seems to "ring" more than the signal 

form the weighted beam (trace 39al), yet the coda dies out 

more rapidly for the first generalized linear filter compared 

to the weighted beam. The variance of trace b2 and trace b3 

is seen to much less than the variance of trace a2 and a3. 

The spectral null at 1.8 Hz in the LONG SHOT log-     i ^e 

amplitude spectra (traces a2, b2, and c2) has been inter- 

preted (Cohen, 1969) as interference between the direct P 

wave and pP, the reflection from the free surface. 



The processing results for the MILROW event are given 

in Figures 40 through 49. In Figure 40 through Figure 48, 

we have the results (in the same format as for the LONG 

SHOT event) for stations WQ-IL, BY-IO, SJ-TX, CR2NB, LC-NM, 

KN-UT, AS-PA, EU2AL, and PJ-PA. Figure 49 contains the 

results of our three processors in the same format as 

before. Notice that the first spectral null is shifted to 

a lower frequency from the LONG SHOT null (trace 37c2). This 

is consistent with the longer time delay for the reflected 

phase due to the deeper depth of MILROW compared to LONG 

SHOT. Notice the striking similarity between the processed 

LONG SHOT event (trace 37cl) and the processed MILROW 

event (trace 49cl) despite the great variablity of the 

individual stations. The decay times appear to be identical. 

The difference in the two waveforms appears to arise from . 

the pP phase, since the first half cycle of motion (neglecting 

the precursor) is similar in shape and frequency. The results 

for the 22 November 1965 Andreanoff earthquake are contained 

in Figure 50 through Figure 58. Figures 48 through 55 are 

for stations EN-MO, HV-MA, KC-MO, KN-UT, MN-NV, RG-SD. RK-ON, 

and WN-SD. 

Comparing the result for the Andreanoff Islands event 

(trace 58cl) with the MILROW event (trace 49cl) and the LONG 

SHOT event (trace 37cl), we see that the earthquake signal 

is more complex and exhibits a longer decay time than either 

MILROW or LONG SHOT. However, this fact is also apparent at 

the individual stations and on the weighted beams. 

In conclusion we state that 

The generalized linear filters did at least as well as 

10- 



the weighted beam sum in the time domain in estimating our 

synthetic signal. No significant signal distortion in the 

first motion was present in our estinute. 

The generalized linear filter traces for the explo- 

sions were similar despite substantial variations in the 

records for the same event at different stations. The 

explosion tracus were simpler than the earthquake trace, 

but this was also true at the individual stations. 

The codas are smaller for the output from the 

generalized filters than at the individual stations or on 

the weighted beam sums. The log-amplitude and phase spectra 

of the generalized linear filter output exhibited less 

variance from their mean compared to either individual 

station spectra or the weighted beam spectra. This might 

be expected since the geometric beam is the minimum vari- 

ance estimator for uncorrelated equal variance random trans- 
fer functions. 

The results suggest that continental beamforming or 

indeed even world-wide beamforming is possible for the 

initial P-wavc using the theory of generalized linear 

filtering, and that complexity measurements and analysis 

of source dynamics might better be performed on the 

generalized beam. 

-11 
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TAÜLL 11 

Stations Used in this Study 

st .»t ion Location liven ts 

svsqs Sehofforvltlo Quebec LS 

RK-ON Kcdlokc Ontario LS A 

IIV-Jl\ Havre Montana A 

¥K-CL Vreka California LS 

KUIU tlailey Idaho LS 

HÜ-SU Kedig South Dakota A 
KN-SÜ Winner South Dakota A 

mr- iu liiounrield Iowa M 

Itt^-lL Katseka Illinois M 

A.S-I»A Aspen Pennsylvania M 

IM-PA PottStCWI Pennsylvania M 

CR^ill Crete Nebraska M 

KC-NO Kansas City Missouri LS A 
» • i', Koiuib Utalt LS M.A 

Jt-.W Mi n.i Nevada A 

TF-a raft California LS 

LC-.\M Las Cneces Nevada LS M 

L\->IO ill»inure Missouri A 

UI-AL iaitaw AKiboflw M 

SJ-TX San Jose Texas IS ■! 

key: LS - LuNCSItiH 
M - mmm 
A - Andreanoff 22 Nov uU 
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Figure 4. A schematic representation of the normal 
incident P-wave layering problem. 
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Figure 5, 
Analog computer simulation of the transmission problem. 
Note the similarity of this problem to the parametric 
amplifier problem. Also note that S-waves could be 
handled by designing another ladder network with different 
delays and reflection coefficients, and interconnecting the 
nodes of botli networks with the proper conversion factors 
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Figure 27. Result» of processing the 
nine synthetic seisnogrom 
(a) Keighted beaaforming 

1. Seisnogran vs. tine 
2. Log-nmpiitudc V». 

frequency 
3. Unwound phase vs. 

frequency 
(b) Gonoralized linear filter 1 

1. Scisnogran vs. tine 
2. Log-anplitudc vs. 

frequency 
3. Unwound phase vs. 

frequency 
4. Conplcx cepstrun vs. 

tine 
(c) Generalized linear filter 2 

1. Seisnogran vs. time 
2. Log-anplitudc vs. 

/? frequency 
P 3. Unwound phase VS. 

frequency 
4. Tapered conplex cepstrun 
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